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� cI. �´Z®~µ ������ � ��© .gt � cI. �´Z³~p�8797�� ��. ��iÁ� . ��i���^����] . ��i&o mq. ���� ~p�879797 � � . ��i .
���¡i�] >q_ .1c ]`�	�+�1d�È@���x¯��9= f/��� c^m �ji=�jh$
� c·t ~p�87���� � � mq. ¦j�®���g����i��¦j���`�	£��gi c �6>q��i
f cs.1c ]`�	� . � t £��	]�� c fH�1d³���	��_g�	�j¦j��¤ ;j
 . i�� .1c ]`_E£�b� 0 � . ��f�Z[a m �gfb��£�b�¡_g�gi�
�b�gf . �b�c^m ��� . ��`� c � >���i . f cs.1c ]`�	� . � t £��	]�� c �1dl~p��Z�� � Z�e5f\f cs.1c �gi¹����dµ�	�b���f^
�_ m�. £��	]�� c
i�¡�gf®��� c ]�� 0 ������� . ���`� . i c � . fb�	��
 c ]`�	���1d c^m �

LCP
� . ��i¹��¦j��� c^m �gfb�5��¤ c ����i�gi. � 0 �	�^] c^m ��f . �b�H��� c�. ££�b�	£�^] .1c � c ��£�b�j_g�gfbf c^m �[È ½ - ]�� 0 ������� . �´Z
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��� � #

e5f���¤�£��g_ c �gi=� c^m �[
�fb���1d . �� . ��_ m n . ��i¡n´���	
��i(��� c^m �¡i c ��£�b�j_g�gfbf c^m �[]���nc � 0 ���³£�b� 0 � . ����]�� 0 dµ�	�^��
� .1c ]`�	�F�1d c^m �
LCP

]`f���� c\. ££�b�	£�^] .1c ���¡£ . � c ]`_�
� . �^� t
k m ��� c^m �[i�]�������f^]`�	�$�1d c^m �

LCP
]���_��b� . fb�gf�Z

a m �+�	� 0j. �]�ª .1c ]`�	�&�1d c^m ]`f[£ . £�����]`f . fXdµ�	���`�>kPf�Z ¦u� o¡�g_ c ]`�	�& cbm �
LCP

]`f
��^]`�(® t ]�� c �b�ji�
�_g�gi=Z³a m ��d��	�b��
� .1c ]`�	��fP�1d c^m �

LCP
����� c ]`�	���giF����dµ�	�b� . �b�Xi�]`fpn

_�
�fbfb�gi�]��Áo¡�g_ c ]`�	�Á��Z\a m �E���j
����� .1c ]�¦j� . � 0 �	�^] c^m ��f . �b��i�gfb_��^]����gi$]��Áo¡�g_ c ]`�	��f
� . ��iÁ��Z�a m �

LCPs
. fbfb�j_�] .1c �gi*kl] c^m*c^m � 5 � . £�f . _�¯(£�b�	��`��� . �b�E£�b�gfb��� c �gi

]��&o¡�g_ c ]`�	�&¶�Z ½ �	��£
 cs.1c ]��	� . �®��¤�£����^]`����_g��kl] c^m«c^m �����¡
����� .1c ]�¦������ c^m �¡if[]`f
�b��£��	� c �giE]���o¡�g_ c ]`�	�+�¡Z :B]�� . ��� t fb�	���®_g�	��_���
�f^]`�	��f . ��i m ]�� c fYdµ�	�@d�
 c 
�b�®�b�gfb� . �s_ m. �b�H£�b�gfb��� c �gi�]�� c^m �H� . f c fb�g_ c ]`�	�$�1d c^m ]`fl£ . £�����Z

� � �:�  	Y�$� ��¡$�
�Y£<�:¥
LCP

��£�� �$�:�Y��� � ¦ ��¡� ¢¡��i� ��¡5�
� � ���:�*�$�N ¢£

e5fXf cs.1c �gi*]�� c^m �E£�b��¦¡]`�	
�fHfb�g_ c ]`�	�@� 0 ]�¦���� . f�;j
 . �b�E� .1c �^]y¤
M
�1d\�	�bi���

n. ��i . ¦j�g_ c �	�
q ∈ Rn � c^m ��È=]���� . � ½ �	��£�`������� c�. �^] c·t�- �s�	��`�����li����� c �gi�� t

LCP
�	�
LCP (q,M)

�fb� . �b_ m �gf\dµ�	�l¦j�g_ c �	�bf
z ∈ Rn

. ��i
w ∈ Rn f^
�_ m�c^mq.1c

w = q +Mz, z ≥ 0, w ≥ 0
~µ �Z�� �

zTw = 0
~µ �Z  �

o¡� c^m ]`f+£�b�	��`��� _g�	� cs. ]���f c^m �$��]���� . �F_g�	��f c � . ]�� c fÁ~µ �Z�� ��c^mq.1c _g�	��f c ] c 
 c � c^m �
fb�1nu_ . ���`�gi¹dµ� . f^]���`�5fb� c

K
. ��i c^m �5���	���]���� . �P_g�	��£�`������� c�. �^] c·t _g�	��i�] c ]`�	��~µ �Z  � Z

eUfb�	��
 c ]`�	�
(z, w)

]`f³f . ]`i c �[��� � ���+�(� ���£� ]yd=] c �����`�	� 0 f c � c^m �ldµ� . f^]���`�Pfb� c K Z�Ç��c^m �[� c^m ��� mq. ��i�] c ]`fP_ . ���`�gi ����©b%�£�(© �(�J����'(¬ ]yd�] c f .1c ] >q�gf

w = q +Mz
ziwi = 0 i = 1, 2, . . . , n

~µ �Z � �

�5
�� c � c^m �����	��q� 0j.1c ]y¦j�F_g�	��i�] c ]`�	��fI�	� c^m �+¦ . �^] . ��`�gf
zi
. ��i

wi
�\~
z, w

� ]`f .
fb�	��
 c ]`�	���1d c^m �

LCP
]yd . ��iÁ�	�� t ]yd®] c ]`fXdµ� . f^]���`� . ��i«_g�	��£�`������� cs. � t Z-:
�pnc^m ���^���	�b� c^m �

LCP
mq. f�����fb�	��
 c ]`�	��]ydH] c ]`f�]���dµ� . f^]���`� ~

K = ∅
� �	��]ydH] c ]`f

dµ� . f^]���`�E�
 cXmq. f5���F_g�	��£�`������� cs. � t fb�	��
 c ]`�	�*]��
K
� c^mq.1c ]`f��

zTw > 0
dµ�	� . ���

~
z, w

�
∈ K Z½ �	��f^]`i���³����k c^m ��;j
 . i�� .1c ]`_P£�b� 0 � . � ~p��Z�� � ]�� c �b�¡i�
�_g�gi�]�� c^m �l� . f c fb�g_ c ]`�	�

h(]y��]y��]�ª��
g1(z, w) = zTwf^
���p�g_ cPc �
w −Mz = q

z ≥ 0, w ≥ 0

~´¨ -®�
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e5f c^m ���	��p�g_ c ]�¦j�Id�
��_ c ]`�	��]`f[���	
��i�gi«d��b�	� �����`�>k��	�«] c f�_g�	��f c � . ]�� c fb� c
K
�c^m ���b� . �s� c^m �b�g�H£���fbf^]���`�H_ . fb�gf>

~8] �
K = ∅

. ��i c^m �
LCP

]`fl]���dµ� . f^]���`��Z
~8]�] �

g1(z̄, w̄) = min
(z,w)∈K

g1(z, w) = 0
. ��i�~

z̄, w̄
� ]`f . fb�	��
 c ]`�	�$�1d c^m �

LCP
Z

~8]�]�] �
min

(z,w)∈K
g1(z, w) > 0

. ��i c^m �
LCP

]`f\dµ� . f^]���`�X�
 clmq. fl����fb�	��
 c ]`�	�@Z

o¡� c^m �
LCP

mq. f . fb�	��
 c ]`�	��]yd . ��i��	�� t ]yd�] c ]`fYdµ� . f^]���`� . ��i c^m ���b�\]`f . ���	£ c ]�� . �
fb�	��
 c ]`�	���1d c^m � ;j
 . i�� .1c ]`_F£�b� 0 � . � kl] c^m �	��p�g_ c ]�¦��¹d�
��_ c ]`�	��¦ . ��
��F��;j
 . � c �
ª����b�Z/e 0 �`�	� . � ;j
 . i�� .1c ]`_X�	£ c ]���]�ª .1c ]`�	� . � 0 �	�^] c^m ����:B�`�	
�i . fH~µ ������ �³. ��i)35�	�bf c
� c�. �´Z5~^�8797�� � �l� .gt ���g_g�	���(��
�_ m ���	�b�(� �+_�]���� c dµ�	�+£�b�j_g�gfbf^]�� 0

LCPs
� . f

g1(z, w) = 0
£�b�>¦¡]`i�gf . f c �	££]�� 0 _��^] c ���^]�
� dµ�	� c^m �H£�b�¡_g�gi�
�b��Z\e5f�i�]`fb_�
�fbfb�gi

]�� c^m ������¤ c fb�g_ c ]`�	��f�� c^m ]`f�dµ� .1c 
�b��]`f\��fbfb��� c ] . �qdµ�	� c^m � 0 �¡�ji+£����pdµ�	�^� . ��_g�X�1d . �
���¡
����� .1c ]�¦��[��� c^m �¡iFdµ�	�Pfb�	��¦¡]�� 0 � - n mq. �bi

LCPs
Z

e���� c^m ��� 0 �`�	� . ���	£ c ]���]�ª .1c ]`�	�(dµ�	�^�E
� .1c ]`�	�$dµ�	� c^m �
LCP

_ . �$���E�	� cs. ]����gi
� t ]�� c �b�¡i�
�_�]�� 0 . � . ii�] c ]`�	� . �I¦j�g_ c �	�

x ∈ Rn �1d 0 − 1
¦ . �^] . ��`�gf�Z oj]���_g�

zi(q +Mz)i = 0
]yd . ��i��	�� t ]yd

xi(q +Mz)i = 0, (1− xi)zi = 0, xi ∈ {0, 1}
dµ�	� . ���

i = 1, . . . , n,
c^m ��� c^m �[�	��p�g_ c ]�¦j�5d�
��_ c ]`�	�$�1d c^m �

QP
. ���>¦��[_ . �����Hkl�^] c^c ��� . f

n∑

i=1

ziwi =

n∑

i=1

zi(q +Mz)i =

n∑

i=1

[(1− xi)zi + xi(q +Mz)i]

a m �
QP

]`f c^m ���+��;j
]�¦ . �`��� c³c � c^m �\dµ�	���`�>kl]�� 0 h$]y¤�gig¦u� c � 0 ���1?®]���]���� . � - �b� 0 � . �

h$]��]���]�ª��
g2(z, w) =

n∑

i=1

[(1− xi)zi + xi(q +Mz)i]

f^
��p�g_ cPc �
Mz ≥ −q
z ≥ 0
xi ∈ {0, 1} , i = 1, 2, . . . , n

~�hN¦ ?\È -®�

oj]���_g� c^m �H�	��p�g_ c ]�¦��5d�
��_ c ]`�	�
g2(z, w)

]`f\�]���]���� . � . ��iF]`f\���	
�qi�gi¹d��b�	� �������>k
�	�Á] c fX_g�	��f c � . ]�� c fb� c � c^m ���b�I��¤�]`f c f . �Á�	£ c ]�� . ��fb�	��
 c ]`�	�

(z̄, x̄)
f^
�_ m*c^mq.1c

x̄
]`f. �$��¤ c �b�����H£��	]�� c �1d

Kx = {x ∈ Rn : 0 ≤ xi ≤ 1, i = 1, . . . , n}
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z̄
]`f . ����¤ c �b�����H£��	]�� c �1d

Kz = {z ∈ Rn : Mz ≥ −q, z ≥ 0}
£�b�>¦¡]`i�gi

Kz 6= ∅ � 5 �	���� ~p�87��	¶ � Z o¡� c^m ���>ns�&_g�	��f c � . ]�� c fÁ£�b�gfb��� c �giÂ]��
MIBLP

_ . �I���®�b��£� . _g�giI� t�c^m �\_g�	� c ]y�¡
��	
�f�_g�	��f c � . ]�� c f c^mq.1c i�$>����
Kx
ZBa m �

MIBLP
]`f c^m ���+��;j
]�¦ . �`��� c�c � c^m �®dµ�	���`�>kl]�� 0 ?®]���]���� . � - �b� 0 � . ���¡h . � 0j. f . �^] . �

~p�8797�� � �
h$]��]���]�ª��

g2(z, w) = qTx+ eT z + xT (M − I)z
f^
��p�g_ cPc �

Mz ≥ −q
z ≥ 0

0 ≤ x ≤ e

~ ?\È -®�

k m ���b�
I
]`f c^m �5]`i��� c ] c·t � .1c �^]y¤F�1dY�	�bi���

n
. ��i

e ∈ Rn ]`f . ¦j�g_ c �	�\�1dB�	���gf�Z/e5f����dµ�	�b����]yd
Kz 6= ∅

� c^m ���
(z, x)

]`f .�0 �`�	� . �Y��]��]���
��kl] c^m*. ª����s��¦ . ��
��[]yd . ��i
�	�� t ]yd

(z, w = q +Mz)
]`f . fb�	��
 c ]`�	�$�1d c^m �

LCP
Z

a m �
LCP

_ . � . �`fb�$���¹�b�gi�
�_g�gi&]�� c � . h(] ¤�gia¦u� c � 0 ����È=]���� . � - �b� 0 � . ��Z
¦u���	�bi��� c � 0 � c�c^m ]`fI£�b�	��`�����³k\�->��bf c ]�� c �b�ji�
�_g��]�� c^m ��_g�	��f c � . ]�� c f��1d c^m �
MIBLP

£�b�gfb��� c �gi�����dµ�	�b��� c^m �[_��	��£���������� cs. �^] cut _g�	��i�] c ]`�	��f
(1− xi)zi = 0, i = 1, 2, . . . , nc ���	� cs. ]�� c^m �Xdµ�	���`��kl]�� 0 ��;j
]�¦ . �`��� c £�b�	��`���

h$]��]���]�ª�� n∑

i=1

qixi +
n∑

i=1

n∑

j=1

mijxizj

f^
��p�g_ clc � n∑

j=1

mijzj + qi ≥ 0, i = 1, 2, . . . , n
~µ �Z � �

zi ≥ 0, i = 1, 2, . . . , n
~µ �Z � �

(1− xi)zi = 0, i = 1, 2, . . . , n
~µ �Z ¶ �

xi ∈ {0, 1} , i = 1, 2, . . . , n
~µ �Z � �

a m ���b��dµ�	�^��
� .1c ]`�	��n´��]��q� . �^]�ª .1c ]`�	� c �g_ m �] ;j
���i�]`fb_�
�fbfb�gi*]�� o m ��� . ��] . ��iÁePi . ��f
~p�879797 �³. ��iFo m ��� . ��]�� c\. �´Z�~p�8797�� � ]`f c^m ��� . ££��]`�gi c � c^m ]`f�£�b�	��`��� . ��i+_g�	��f^]`f c f
�1d c^m �Xdµ�	���`��kl]�� 0 �	£���� .1c ]`�	��f>
~8] � h$
� c ]�£� t � . _ m �	���P�1d cbm �l_g�	��f c � . ]�� c f5~µ �Z � �/. ��i$~µ �Z � � � t

xk
. ��i

(1−xk)dµ�	� . ���
k = 1, . . . , n

Z
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~8]�] � §���£� . _g� c^m �+£�b�ji�
�_ c f
xizj

� t*c^m ��¦ . �^] . ��`�gf
yij
dµ�	� . ���

i = 1, 2, . . . , n. ��i
j = 1, 2, . . . , n

Z
a m ��� c^m �®dµ�	���`�>kl]�� 0 h$]y¤�gix¦u� c � 0 ����È=]���� . � - �b� 0 � . ����]�� 0E- �b�	��`���Q]`f��	� cs. ]����gi

h$]��]���]�ª��
g3(z, x, y) =

n∑

i=1

qixi +
n∑

i=1

n∑

j=1

mijyij

f^
��p�g_ clc � n∑

j=1

mijykj + qixk ≥ 0
�

k, i = 1, 2, . . . , n

n∑

j=1

mijzj + qi ≥
n∑

j=1

mijykj + qixk, k, i = 1, 2, . . . , n

0 ≤ yij ≤ zj , i, j = 1, 2, . . . , n
yjj = zj

�
j = 1, 2, . . . , n

xi ∈ {0, 1}
�

i = 1, 2, . . . , n~µhN¦·È -®�
e5f�]`f�f m �>kl�I]��+o m ��� . ��]�� c�. �´Z~p�8797�� � �

(x̄, z̄, ȳ)
]`f . ���	£ c ]�� . ��fb�	��
 c ]`�	���1d

MILPkl] c^m
g3(x̄, z̄, ȳ) = 0

]yd . ��i¹�	�� t ]yd
(z̄, w̄ = q+Mz̄)

]`f . fb�	��
 c ]`�	���1d c^m �
LCP

Z

� � � � �E	Y  �\��� ��¡��
� � ���:�:�¡����Y  �Y��£1�J¥ �
� �����
QP

� �:�  	Y�$� ��¡$�
�

a m ]`f . � 0 �	�^] c^m � >���if . fb�	��
 c ]`�	� c � c^m �
LCP

� t ��¤�£�`�	�^]�� 0(.+c �b�g���1d c^m �
dµ�	�^��

zi1
=0 wi1

=0

zi2
=0 wi2

=0

¦u��� . _ m ���¡i�X�1d c^m � c �b�g� . ;j
 . i�� .1c ]`_5£�b� 0 � . � ]`f\_g�	��f^]`i���b�gi c^mq.1c ]`f\�	� cs. ]����gi
d��b�	� c^m �

QP
£�b�gfb��� c �gi�]�� c^m �H£�b��¦¡]`�	
�f�fb�g_ c ]`�	��� t�. ii�]�� 0 fb�	���[_g�	��f c � . ]�� c f

ui = 0
�jk m ���b�

ui
]`f . _g�	��£�`������� c�. � t

zi
�	�
wi
¦ . �^] . ��`��Z�:q�	�³]���f cs. ��_g��]��¹���ji�
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�I�1d c^m � c �b�g� . ���>¦j��� c^m � ;j
 . i�� .1c ]`_H£�b� 0 � . � cs. ¯��gf c^m �Xdµ�	�^�
��]��]���]�ª��

g1(z, w) = zTwf^
��p�g_ cPc �
w −Mz = q

zi1 = 0

wi2 = 0

z ≥ 0, w ≥ 0

e¼���ji�] >q�gi(�b�gi�
�_g�gi¡n 0 � . i�]`�g� c
(MRG)

. � 0 �	�^] c^m ����e��yn 5Xmq.�t¡tj. �l~p�87���� � �q]`f . £�n
£��]`�gi ]��&� . _ m ���ji�¹]��&�	�bi��� c � >��qi . fb�1nu_ . ���`�gi �!��������������' © �*���*© �t© �1d c^m �
d�
��_ c ]`�	�

g1
�	� . fb� c

K̄
c^mq.1c _g�	� cs. ]���f c^m �¹��]���� . ��_g�	��f c � . ]�� c f . fbfb�j_�] .1c �gi c �c^m ]`fH���ji��Z A«�E�b�g_ . ��� c^mq.1c�. �`�j_ . �³f cs. �X��]��]��E
� �1d

g1
�	�

K̄
]`f . �«��¤ c �b�����

£��	]�� c
(z̄, w̄)

�1d
K̄
f .1c ]`fpd t ]�� 0

g1(z̄, w̄) ≤ g(z, w)

dµ�	� . ��� . i	� . _g��� c ��¤ c �b�����H£��	]�� c f
(z, w) ∈ K̄ �1d

(z̄, w̄)
Z

¦u�¹�	�bi��� c ��i�gfb_��^]���� c^m �
MRG

. � 0 �	�^] c^m ���¡�`� c
(z̄, w̄)

��� . �¹��¤ c �b�����P£��	]�� c
�1d
K̄
k m ]`_ m _g�	�^�b�gf^£��	��if c � . � . f^]`_�dµ� . f^]���`�Hfb�	��
 c ]`�	��kl] c^m � . f^]`f\� .1c �^]y¤

B
Z@¦´d

(z∗, w∗)
]`f . � . i�� . _g��� c ��¤ c �b�����H£��	]�� c � c^m ���

(z∗, w∗) = (z̄, w̄) + µ(dz, dw)

k m ���b�
µ
]`f c^m �*fb�1nu_ . ���`�gi¥� . ¤�]���
� f c ��£�f^]�ª��$
�fb�gi¥]�� c^m �*f^]���£�`��¤���� c^m �¡i. ��i

d = (dz, dw)
]`f . dµ� . f^]���`�*i�]��b�g_ c ]`�	�U]��¥k m ]`_ m

dz
. ��i

dw
. �b�$¦j�g_ c �	�bf

_g�	� cs. ]��]�� 0$. ��� c^m �I_g�	��£��	����� c f
di
�1d
d
. fbfb�¡_�] .1c �gi(kl] c^m(c^m �E¦ . �^] . ��`�gf

zi
. ��i

wi
�b�gf^£��g_ c ]�¦���� t Z�a m ]`f\dµ� . f^]���`�Hi�]��b�g_ c ]`�	�(_ . �����Hi�$>��q��i�]�� c ���^��f��1d c^m �X� . f^]`f

� .1c �^]y¤
B
. ��i&�1d c^m �F_g�	��
����f��1d c^m �¹� .1c �^]y¤

M
�	���1d c^m �F]`i��� c ] c·t � .1c �^]y¤

I
Z aY��f m �>k c^m ]`f��\�`� c

F
. ��i

T
c^m �$]���i��¤�fb� c f¹�1d c^m �$� . f^]`_ . ��i����	�¡� . f^]`_

¦ . �^] . ��`�gfY�b�gf^£��g_ c ]�¦���� tE. ��i[�`� c
s
��� cbm ��]���i��¤��1d c^m �³��� c ���^]�� 0 ���	�j� . f^]�_³¦ . �^] . ��`�c^mq.1c ]`f�]���_��b� . fb�gi�d��b�	��ª����b� c � 0 ������� .1c � c^m � . i	� . _g��� c � . f^]`_[dµ� . f^]y�����Efb�	��
 c ]`�	�. fbfb�¡_�] .1c �gi c �

(z∗, w∗)
Z/a m ��� c^m �Xdµ� . f^]���`�Hi�]��b�g_ c ]`�	�

d
]`f 0 ]�¦j����� t

ds = 1
dj = 0

dµ�	� . ���
j ∈ T − {s}

~µ��Z�� �

dF =

{
−B−1M.s

]yd
s
]`f . _g�	��
���(�1d .

zi
¦ . �^] . ��`�

B−1es
] d
s
]`f . _g�	��
���(�1d

wi
¦ . �^] . ��`� ~µ��Z  �
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� � � #�%1��� ��%'���( � � � 	� �
� #�i�� ��%6� �����

k m ���b�
M.s

. ��i
es
. �b� c^m �

sth
_g�	��
�����1d c^m ��� .1c �^]`_g�gf

M
. ��i

I
�b�gf^£��g_ c ]�¦j��� t Z

a m �F¦ . ��
����1d c^m � ;j
 . i�� .1c ]`_Fd�
��_ c ]`�	�
g1(z, w) = zTw

.1cIc^m �F����k ��¤ c �b�����
£��	]�� c

(z∗, w∗)
]`f c^m ���

g1(z
∗, w∗) = z̄T w̄ + µ(z̄Tdw + w̄Tdz) + µ2dTz dw

a m ���b��dµ�	�b� c^m ���b�F]`f . i�g_��b� . fb���	� . ����¦j������� c�c � . ����k . i	� . _g��� c ��¤ c �b�����
£��	]�� c

(µ > 0)
]yd . ��i��	�� t ]yd

z̄Tdw + w̄Tdz + µdTz dw < 0
~µ��Z � �

¦u�$� . _ m ] c ��� .1c ]`�	�*�1d c^m �
MRG

. � 0 �	�^] c^m ���q�`� c
(z̄, w̄)

��� c^m �[_�
�^�b��� c ��¤ c �b�����
£��	]�� c Z�a m � . � 0 �	�^] c^m � fb� . �b_ m �gf\dµ�	� . dµ� . f^]���`�Xi�gfb_g��� c i�]��b�g_ c ]��	�

d
. ��i . £���f^]ync ]�¦j�\f c ��£�f^]�ª��

µ
f .1c ]`fpd t ]�� 0 ~µ��Z � � Z[¦´d�f^
�_ m

d
. ��i

µ
��¤�]`f c � c^m � . � 0 �	�^] c^m �Q����¦j�gf c �c^m �\����k . i	� . _g��� c ��¤ c �b�����\£��	]�� c kl] c^m+. i�g_��b� . fb�l�1d c^m �\�	��p�g_ c ]�¦j�³d�
��_ c ]`�	�

g1
Z

Ç c^m ���^kl]`fb� c^m � . � 0 �	�^] c^m � c ���^��]�� .1c �gf®kl] c^mF. �`�j_ . ��f cs. ����]��]��E
��£�b��¦¡]`i�gi . ���c^m ��f c ��£�f^]�ª��gf
µ
. �b�H£���f^] c ]�¦j��Z �X� 0 ������� .1c �E_ . fb�gflk m ���b�

µ = 0
_ . �$��� mq. ��i��`�gi

� t¹c^m �[fb�1nu_ . ���`�gi ?®� . ��i = fP�^
�`�������i�]`_g� . ��i : . 
�f c ]����$~p�87����1� � Z
È@� c

ϕ(z, w) = w̄T z̄ + z̄Tw + w̄T zc^m ���y]���� . � . ££�b��¤�]�� .1c ]`�	� �1d
g1(z, w)

.1c[c^m ����¤ c �b������£��	]�� c
(z̄, w̄)

Z�a m ����] c
]`f+� . f t&c �«f m �>k[ZU����i�]`_g� . ��i : . 
�f c ]����¥~p�87���� � Z c^mq.1c

z̄Tdw + w̄Tdz
]`f c^m �

�b�gi�
�_g�gi¡nu_g��f c _g�¡� �+_�]`��� c
c̄s
�1d
ϕ(z, w)

. fbfb�j_�] .1c �gi c � c^m ���q�	�j� . f^]`_$��� c ���^]�� 0
¦ . �^] . ��`�

zs
�	�

ws
c^mq.1c ]`fE]���_��b� . fb�gi c � 0 ������� .1c � c^m �+����k . i	� . _g��� c ��¤ c �b�����

£��	]�� c Z\o¡���]yd
dTz dw ≤ 0

c^m ���
c̄s < 0

]���£��]`�gf c^mq.1c

g1(z
∗, w∗) ≤ g(z̄, w̄) + c̄sµ < g(z̄, w̄)

£�b�>¦¡]`i�gi
µ > 0

Z*o¡�� . f�]�� c^m �¹f^]���£�`��¤���� c^m �ji�dµ�	�E��]���� . �E£�b� 0 � . ����]�� 0�.
��� 0j.1c ]�¦j�5�b�gi�
�_g�gi¡nu_g��f c _g�¡� �+_�]`��� c ��� . ��f . i�gfb_g��� c dµ� . f^]���`�Xi�]��b�g_ c ]`�	�@Z�a m ���b��n
dµ�	�b�¹]yd c^m ���b�¹]`f .�0 
 . � . � c �g� c^mq.1c

dTz dw ≤ 0
. ��k .�t f m �	��i�f�� c^m ��� c^m �

MRG�b�gi�
�_g�gf c � c^m �H
�f^
 . �@f^]���£�`��¤���� c^m �ji=Z
a m �Hf c ��£�fP�1d c^m �[���¡
����� .1c ]�¦��[��� c^m �ji . �b�X£�b�gfb��� c �gi������`��k[Z

� �E	Y  �\��� ��¡��
�
QP

� ���:�:�¡��-�Y 

	 ��� ��� È@� c
L = {1} ��� c^m �¹]��] c ] . �\��]`f c �1d5�	£����&���¡i�gf . ��i QP (1) ��� c^m �;j
 . i�� .1c ]`_H£�b� 0 � . �

QP
]�� c �b�¡i�
�_g�gi�]�� c^m �H£�b��¦¡]`�	
�fPfb�g_ c ]`�	�@Z

	 ��� � � ¦´d
L = ∅ �/f c �	£K LCP mq. fE���*fb�	��
 c ]`�	�@Z Ç c^m ���^kl]`fb�F_ m �j��fb� . ���¡i�

t ∈ L Z



���1� x9�zx��(*����
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��� � #

	 ��� � � §������>¦��
t
d��b�	�

L
Z�e�££� t c^m �

MRG
. � 0 �	�^] c^m � c � c^m � ;j
 . i�� .1c ]`_

£�b� 0 � . �
QP (t)

. fbfb�¡_�] .1c �gi c � c^m �X���ji�
t
Z@¦´d

QP (t)
]`f\]���dµ� . f^]���`��� 0 � c �

o c ��£���Z®Ç c^m ���^kl]`fb�[_g�	��£
 c � . �`�¡_ . �Yf cs. �l��]��]���
�
(z̄, w̄)

dµ�	�
QP (t)

Z
	 ��� � 	 ¦´d

g1(z̄, w̄) = z̄T w̄ = 0
��f c �	£K

(z̄, w̄)
]`f . fb�	��
 c ]`�	���1d c^m �

LCP
Z

Ç c^m ���^kl]`fb�X�`� c
(zr, wr)

��� . £ . ]��l�1dY£���f^] c ]�¦j��� . f^]`_5¦ . �^] . ��`�gf®]�� c^m �5���¡_ . �
f cs. �P��]��]���
�

(z̄, w̄)
Z

	 ��� � � ePii c k®�Á����k ���¡i�gf
k
. ��i

(k + 1)
c � c^m �F��]`f c

L
�³kl] c^m ;j
 . i�� .1c ]`_

£�b� 0 � . ��f
QP (k)

. ��i
QP (k + 1)

i�$>����gi�� t 

QP (k) : QP (t)
. ��i�_g�	��f c � . ]�� c

zr = 0

QP (k + 1) : QP (t)
. ��i�_g�	��f c � . ]�� c

wr = 0

©X� c �+o c ��£���Z
¦ c dµ�	���`��kPfEd��b�	� c^m �Fi�gfb_��^]�£ c ]`�	���1d c^m � . � 0 �	�^] c^m � c^mq.1c �	�� t � . f^]`_¹fb�	��
 c ]`�	��f
�1d c^m �

LCP
. �b��
�fb�gi c^m �b�	
 0�m �	
 c+c^m � . � 0 �	�^] c^m ��Z 35����_g� c^m �����¡
����� .1c ]�¦��

��� c^m �¡iF_ . �¹����]���£�`������� c �gi¹dµ�	�³� . � 0 ��nufb_ . �`�
LCPs

� t ��¤�£�`�	] c ]�� 0 �b��]��j¦j���bf^]`�	�. ��i�
£�i .1c ]�� 0 fb_ m �����gf�dµ�	�¹f^£ . �bfb�
LU

d . _ c �	�^]�ª .1c ]`�	�U�1d c^m ��� . f^]`f�� .1c �^]`_g�gf��
h$
� c·t ~p�87���� � Z³oj
�_ m�. �¹]���£�`������� cs.1c ]`�	��f m �	
�`i . �`fb�E_g�	� cs. ]���fb�	��� m ��
�^]`f c ]`_gfc �g_ m �] ;j
��gf³dµ�	�®_ m �j��f^]�� 0Ic^m ��£ . ]��\�1d@¦ . �^] . ��`�gf³dµ�	�\fb� . �b_ m ]�� 0 ]���o c ��£�� . ��i c^m �
���¡i�[�1d c^m �X��]`f c

L
]��(o c ��£���Z�A«�[f^
 0�0 �gf c ����i�]`_g� . ��i : . 
�f c ]����$~p�87���� .�� d��	� .

i� cs. ]��`�gi$i�gfb_��^]�£ c ]`�	�$�1d c^m ]`fP]���£�`������� cs.1c ]`���@Z

� � � � �E	Y  �\��� ��¡��
� � � �E	��N����¡$��� � ���:�:�¡��-�Y  �Y��£%�J¥ �
� �����
BLP

� �:�  	Y�$� ��¡$�
�

½ �	��f^]`i��� .10j. ]�� c^m �
BLP

dµ�	�^��
� .1c ]`�	�¥�1d c^m �
LCP

]�� c �b�¡i�
�_g�gi�]��Uo¡�g_�nc ]`�	�(��Z�A«�H_ . ��kl�^] c � c^m ]`fl£�b�	��`��� ]�� c^m �Xdµ�	�^�
h$]��]���]�ª��

qTx+min
{
(e+ (MT − I)x)T z : Mz ≥ −q, z ≥ 0

}

0 ≤ x ≤ e

a m �[i�
 . �Y�1d c^m �X]���q������]���� . �P£�b� 0 � . � cs. ¯j�gf c^m �5dµ�	�^��
h$]��]���]�ª�� −qTu
f^
���·�g_ cPc �

MTu ≤ e+ (MT − I)x

u ≥ 0
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� � � #�%1��� ��%'���( � � � 	� �
� #�i�� ��%6� �����

? t 
�f^]�� 0+c^m ��_g�	��£�`������� cs. �^] c·t f^� . _�¯¡���gfbfP£�b�	£���� c·t ��h$
� cut ~p�87���� � �q] c ]`f c^m ���
£���fbf^]���`� c �I�b�gi�
�_g� c^m �

BLP
]�� c � c^m ��dµ�	���`�>kl]�� 0 h .1c^m ��� .1c ]`_ . � - �s� 0 � . ����]�� 0

kl] c^m �B;j
]���]���^]�
� ~��	� ½ �	��£�`������� cs. �^] c·t�� ½ �	��f c � . ]�� c f
h$]��]���]�ª��

qTx− qTu

f^
��p�g_ cPc � [
y
v

]
=

[
e
q

]
+

[
0 −MT

M 0

] [
z
u

]
+

[
MT− I

0

]
x

y, v, z, u ≥ 0

0 ≤ x ≤ e
~�h - � ½ �

[
z
u

]T [
y
v

]
= 0

a m �F_g�	��f c � . ]�� c fI�1d c^m ]`f
MPEC

_g�	��f c ] c 
 c � . ©X������� . �lÈ=]���� . � ½ �	��£�`��������ncs. �^] c·tÁ- �b�	��`���
(GLCP )

]��Ák m ]`_ m«c^m ��� .1c �^]y¤ . fbfb�¡_�] .1c �giÁkl] c^m«c^m ��_g�	��£�`��n
����� cs. � t ¦ . �^] . ��`�gf

(z, u)
]`f
PSD

Z\e5f�f cs.1c �gi�]�� :����^� . �qi�gf5� cX. �´ZB~µ ������ �P. ��i
����i�]`_g� . ��i«�5]`_g��� c �(~p�87971� � � c^m ]`f

GLCP
_ . ������£�b�¡_g�gfbfb��i�� t«. �j
�E�����I�1dc �g_ m �] ;j
��gf�Z$e����	� 0(c^m ����� c^m �

MRG
. � 0 �	�^] c^m � i�gfb_��^]����gi ]�� c^m �+£�b��¦¡]`�	
�f

fb�g_ c ]`�	�&_ . �����+� . f^]�� t ���ji] >���i c ��£�b�¡_g�gfbf c^m ]`f�£�b�	��`����Z :�
� c^m ���^���	�b�+] c ]`f
£���fbf^]���`� c ��f m ��k c^mq.1c � . _ m dµ� . f^]���`�[i�]��b�g_ c ]`�	�

d = (dz, du, dx, dy, dv)

f .1c ]`f
>q�gf
dTz dy + dTu dv = 0o¡� c^m �

MRG
�b�gi�
�_g�gfE]�� c � . f^]���£�`��¤ c·t £������ c^m �¡i . �qi c ���^��]�� .1c �gfIkl] c^m�.

f cs.1c ]`�	� . � t £��	]�� c �1d c^m �[_g�	��£�`������� cs. �^] c·t d�
��_ c ]`�	�
h(z, u, y, v) = zT y + uT v

�	� c^m ��fb� c �1d c^m ����]���� . �\_g�	��f c � . ]�� c f\�1d c^m �
GLCP

Z�e5f�]`f®f m �>kl�+]��):q���^� . ��i�gf
� c�. �´ZP~µ ������ � � c^m ]`f�f cs.1c ]`�	� . � t £��	]�� c ]`f . fb�	��
 c ]`�	���1d cbm �

GLCP
Z A�� mq. ¦j�c^m ����f m �>kl� c^mq.1clc^m �

MRG
. � 0 �	�^] c^m � ]`f . ��� �+_�]`��� c £�b�j_g�gi�
�b�Xdµ�	�">���i�]�� 0+.

fb�	��
 c ]`�	�$�1d c^m ]�f
GLCP

Z
oj
££���fb� c^mq.1cB. fb�	��
 c ]`�	�

(z̄, ū, ȳ, v̄, x̄)
�1d c^m �

GLCP
mq. f=���g���Hdµ�	
��i=ZBa m ���

] c � .�t ���/£���fbf^]���`� c �l�b�gi�
�_g�/d�
� c^m ��� c^m �/¦ . ��
����1d c^m ���	��p�g_ c ]�¦���d�
��_ c ]`�	��� tXc^m �
? . f^]`f[§��gf c �^]`_ c �gi oj]���£�`��¤

(BRS)
��� c^m �ji�i�gfb_��^]����giÁ]�� ?®] . � . f . ��i 5[. �^k . �

~p�87��1� ��. ��i�����i�]`_g� . ��i : . 
�f c ]����+~p�8797�� � Z/a m ]`f . � 0 �	�^] c^m � c ���^��]�� .1c �gf�]�� . ����k
fb�	��
 c ]`�	�

(z̃, ũ, ỹ, ṽ, x̃)
�1d c^m �

GLCP
]�� . >��] c ���j
�E�����H�1d/£]�¦j� c f c ��£�f�ZP�5��kc k\��_ . fb�gfl� .�t �¡_�_�
� . ��i . �b�[f cs.1c �gi������`�>k[Z
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~8] � ¦´d
qT x̃− qT ũ = 0

� c^m ���
(z̃, w̃ = q +Mz̃)

]`f . fb�	��
 c ]`�	�$�1d c^m �
LCP

Z
~8]�] � ¦´d

qT x̃− qT ũ > 0
� c^m ���$fb� c

λ = qT x̃− qT ũ− ε(qT x̃− qT ũ)
~8��Z�� �
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Z³a m ��� c^m �

BRS
. � 0 �	�^] c^m �¼]`f . ££��]`�giIf cs. � c ]�� 0 d��b�	� c^m ]`fB� . f^]`_�dµ� . f^]���`�®fb�	��
 c ]`�	� . ��i. ����k�fb�	��
 c ]`�	�
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JKJ J�L NPO N8R R R QKN NPO N�R L-J Q8JWQ TPO RKJ
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RWN8\ L0N8J L0NWS NPO TKU L0Q S L0TKT NPO RKN L%S JWVKN8RWQ TKQKN8M�O Q8M

L-RKJ L-M-S NPO QPL T8J R T8JKJ�L QPO U8U MWQWS S8TKVKQKN M�L0QWS3O J�L
JKJ L%S8N NPO JKJ TPL S TWS8T NPO Q UKV QKTPL TPO UWS
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MKRK\ L0N8J JKMKJ NPO MKJ QKQ R L0N8RWU LKO V�J JKMKR JWN8JWNKV TKNKTKQPO JWT

L-RKJ RKMWN LKO S8V L-RWQ R L-M�LKL TPO U8U S�RKR
>
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MKRK\ L0N8J UPL NPO RWN L T UKQPL LKO MKN L0UWS
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RWNKNKNKN MKRKM�LKO QWS

L-RKJ LKL-M NPO TKV J Q L-RWTKN R�O TKS RKR�L LKL0NKNKN
>
L%SKS8NKNPO NKN

JKJ LKL NPO NKN L L T8R NPO N8N L L-J NPO L-M
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JKRK\ L0N8J L-RWT NPO JKJ M J L-MKM NPO Q3L U JKJWVKQWS L0NKU8J�O JWN

L-RWN QKQKQ NPO U8J J-S T LKL0QPL%S L0QPO TKN L%S8VWS
>
RWNKNKNKN Q8RKMWNPO M-S

JKJ JKR NPO NKN S T L-RKR NPO LWM TWS S8NWS NPO QKQ
X$<�;�A T RWN L-JKJ NPO NKN U T S8Q8MWU TPO T�R L0NKV8J T8RWNKQ TKTPO LWM
RWN8\ L0N8J UKV8M NPO MWN UKV T L-MWQ8J LKO U�J L%S8T RWVKT8R J�L0VPO L-R

L-RWN MWQKT NPO MKJ T8M S U8MWQ LKO SPJ S8U
>
RWNKNKNKN V8MWUKUPO R-S

JKJ S8N NPO NKN R J JKMKM NPO S�V RKM QPL-R LKO L-R
X$<�;�A T RWN J�L-J NPO JWU L-M M LKL0TKU LKO NKS L-MWN S8T8RWQ S�J�O L-T
MKRK\ L0N8J QKU8M NPO M�L L0V T S�JWU NPO U�J JWU JKMWTKUPL L%SKSKS3O T8J

L-RWN L0VKVKQ LKO VKU TKT S L0U8J-S J�O J8R VKN
>
RWNKNKNKN QKU8MKR�O T8R
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